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Abstract: Bound states in the continuum (BICs) are generally considered unusual phe-
nomena. In this work, we provide a method to analyze the spatial structure of particle’s
bound states in the presence of a minimal length, which can be used to find BICs. It is
shown that the BICs are universal phenomena under the effect of the minimal length. Sev-
eral examples of typical potentials, i.e., infinite potential well, linear potential, harmonic
oscillator, quantum bouncer and Coulomb potential, et al, are provided to show the BICs
are universal. The wave functions and energy of the first three examples are provided. A
condition is obtained to determine whether the BICs can be readily found in systems. Us-
ing the condition, we find that although the BICs are universal phenomena, they are often
hardly found in many ordinary environments since the bound continuous states perturbed
by the effect of the minimal length are too weak to observe. The results are consistent with
the current experimental results on BICs. In addition, we reveal a mechanism of the BICs.
The mechanism explains why current research shows the bound discrete states are typical,
whereas BICs are always found in certain particular environments when the minimal length
is not considered.
Keywords: bound states in the continuum; minimal length; Schro¨dinger equation; gen-
eralized uncertainty principle
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1 Introduction
Bound states in the continuum (BICs) are considered unusual phenomena in quantum
systems, the states of which are spatially bounded but have continuous energies. The BICs
are counterintuitive eigenmodes of systems. In 1929, BICs were first presented by von
Neumann and Wigner [1]; until recently, they were constructed as follows:
• fine-tuning parameters in the Schro¨dinger equation to build tailored potentials [1–3];
• decoupling all the continuum states due to symmetry [4, 5];
• describing matter by the Le´vy path integral, i.e., the fractional Schro¨dinger equation
[6, 7];
• using the direct and via-the-continuum interaction between particles [8–13].
These studies always show that the BICs are unusual phenomena that need to be
constructed or realized in a particular manner [1–16], since the current results show that
common quantum systems usually have bound discrete states and unbound continuous
states in natural potentials [17]. For example, Ref. [18] demonstrated BICs in a one-
dimensional quantum wire with two impurities induced due to Fano interference. In Ref.
[10], BICs were trapped or guided modes, with their frequencies in the frequency intervals
of the radiation modes. In Ref. [11], BICs were produced in a system of n two-level
quantum emitters coupled with a one-dimensional photon field. In Ref. [12], BICs were
considered in the nonrelativistic reduction of quasipotential equations in QED and Wick-
Cutkosky models. In Ref. [13], the formation of BICs was provided in a whispering gallery
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resonator coupled to a one-dimensional waveguide. In particular, BICs were realized in the
finite lattices with arbitrary boundaries [19, 20]. Subsequent experiments also provided
the observation of BICs in certain environments, such as electronic BICs in semiconductor
heterostructures [8], optical BICs in planar optical waveguide arrays [5], and robust and
non-symmetrically protected BICs in the periodic extended structure [14].
However, in this paper, we find that BICs are universal phenomena under the effect of
minimal length and can be found in most potentials, even in ordinary potentials with single
particles such as the infinite potential well, quantum bouncer, linear potential, harmonic
oscillator and Coulomb potential. The minimal length is a universal effect of quantum
gravity, which is considered as quantum gravity corrections to all quantum Hamiltonian
[21]. It has long been known that string theory and various models of quantum gravity
predict the existence of the minimal length [7, 21–30]. A simple and accepted way to
introduce the minimal length is the generalized uncertainty principle (GUP) [22]:
∆X∆P ≥ ~
2
{1 + β[(∆P )2 + 〈P 〉2]}, (1.1)
where X and P are the quantities with the minimal length, 〈P 〉 represents the average of
P , and β is a deforming parameter with upper bound of 1018 ∼ 1078 in different physical
frameworks [21, 25, 26]. It is a modification of the Heisenberg uncertainty principle (HUP);
when β = 0, Eq.(1.1) recovers the HUP.
Thus, the study of quantum theories characterized by the minimal length, therein
involving high-energy physics, cosmology and black holes, has become an active area of
research, especially in the quantum regime. For example, in Ref. [31], authors investigated
the impact of the GUP. In Ref. [27], the effects of the GUP on the classical and quantum
cosmology of a closed Friedmann universe were studied. In Ref. [32], the GUP that leads
to vanishing quantum effect was studied. In Ref. [33], a new higher order GUP was
presented. In Ref. [31], the ground state energy of the hydrogen atom was studied in the
presence of the minimal length. In Ref. [34, 35], the inflationary predictions for the cosmic
microwave background were studied based under the minimal length. In Ref. [28], the
authors showed the GUP results for minimum uncertainty wave packets. In Refs. [25, 26],
the upper bound of the deforming parameter β of the minimal length was discussed. In
Ref. [36], the authors extended the GUP discloses a self-complete characteristic of gravity
in order to overcome some current limitations to the framework.
In this paper, we suggest a method to analyze the spatial structure of a particle’s
bound states under the effect of the minimal length, which can be used to find BICs in
potentials. Existing methods to this end without a minimal length are not suitable [37, 38,
17]. Using this approach, we show that the BICs are universal phenomena under the effect
of the minimal length. Several examples with ordinary potentials, i.e., the infinite potential
well, linear potential, harmonic oscillator, Poschl-Teller potential, quantum bouncer, half
oscillator, quantum bouncer in a closed court, harmonic oscillator plus Dirac delta function
and Coulomb potential, are provided to show that the BICs are universal. The specific
wave functions and energy of the first three examples are provided. A condition is provided
to determine whether the BICs can be readily found in the systems: (1) when the deforming
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parameter β of the minimal length satisfies that ~β[(∆P )2 + 〈P 〉2] is close to the Planck
constant ~, the BICs can be easily found, and (2) when β satisfies β[(∆P )2 + 〈P 〉2]  1,
the BICs are very inconspicuous. This condition may help researchers to set suitable
environmental variables of potential to obtain obvious BICs. Three examples are discussed.
In addition, we reveal a mechanism of the BICs. The mechanism demonstrate that why
the current research shows that bound discrete states are universal, whereas the BICs are
always found in certain particular environments when the minimal length is not considered.
The minimal length can influence quantum systems to produce extra states. These states
have an energy found in the energy gaps between the standard discrete energy levels to
make the energy continuous, namely, the effect of the minimal length allows particles
to not be restricted to move in some discrete energy levels. These cause the BICs to
be universal phenomena under the effect of the minimal length. Then, when β satisfies
β[(∆P )2 + 〈P 〉2]  1, the influence of the minimal length becomes negligible. All these
extra states caused by the minimal length become too weak to be readily found; thus, we
often assume that particles can not move at these energy, i.e., the energy gaps are formed.
The continuous energy becomes discrete, which causes the BICs to always not be typical
in current results when the effect of the minimal length is considered. Our conclusions are
consistent with the current experimental results on BICs.
This work is organized as follows. In Sec. 2, we build a method to find BICs in
potentials under the effect of the minimal length and provide a condition to determine
whether the BICs can be readily observed in systems. Then, we find that BICs are universal
and find a mechanism of BICs in the presence of the minimal length. In Sec. 3, as examples,
we find BICs in three ordinary potentials: the infinite potential well, linear potential and
harmonic oscillator. We find the condition that makes BICs could be observed. The specific
wave functions, degeneracy and energy of the three examples are provided.
2 General method
In this section, we obtain two main results.
First, we find that the space of the solutions of the Schro¨dinger equation with min-
imal length has 4 degrees of freedom (DFs), which is greater than that of the standard
Schro¨dinger equation of 2, by expressing the basis of the space of the solutions. The extra
DF provided by the minimum length allows the particles to not be restricted to move at
certain energy levels, causing a continuous energy.
Thus, we divide bound states into three cases and provide a way to find BICs by
analyzing the DFs of systems that are restricted by boundary conditions to reduce the
DFs. Using this approach, we find that BICs exist in these cases. If β = 0, namely,
the system is not considered to be influenced by the minimal length, the systems have 0
DFs; thus, BICs do not exist. This shows one of the main results in this paper, i.e., BICs
are universal under the effect of the minimal length because of the sufficient extra DFs.
Many ordinary potentials, such as the infinite potential well, linear potential, harmonic
oscillator, Poschl-Teller potential, quantum bouncer, half oscillator, quantum bouncer in a
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closed court, harmonic oscillator plus Dirac delta function and Coulomb potential, satisfy
the conditions of these three cases.
Second, since the effect of the minimal length causes the extra DFs and hence causes
the BICs, we further analyze the effect of the minimal length on quantum systems. We find
that the extra DFs are determined by the value of ~β[(∆P )2+〈P 〉2] which is determined by
the environmental variables of potentials. Thus, we obtain another main result: a condition
to determine whether the BICs can be readily found in the systems.
Based on these two results, we obtain a mechanism for BICs under a minimal length.
2.1 BICs are universal under the effect of a minimal length
We consider a particle moving in a time-independent potential V (X). The quantities
X and P with minimal length can be represented as X = x, P = p(1 + β′p2) [21], where x
and p are the standard quantities without the minimal length and β′ = β/3. Substituting
these into the Hamiltonian
H =
P 2
2m
+ V (X),
and using the correspondence relation of the momentum p → −i~(d/dx), the dynamical
evolutions with the minimal length of the wave functions (the Schro¨dinger equation with
the minimal length) are given by
β′~4
m
d4ϕ(x)
dx4
− ~
2
2m
d2ϕ(x)
dx2
+ [V (x)− E]ϕ(x) = 0. (2.1)
There are two main kinds of methods to reduce the above fourth-order Schro¨dinger
equation to a second-order one at present:
(i) omitting the terms with β2 to reduce the order of the fourth-order Schro¨dinger equa-
tion after using some substitution of wave functions [39, 40];
(ii) studying the fourth-order Schro¨dinger equation of some very particular potentials in
the momentum representation (by employing Fourier transform) [22, 41].
However, using these methods, to some extent, only some particular solutions of the
fourth-order Schro¨dinger equation can possibly be obtained (see App. A for more details)
in some particular situations. Thus, we should be very careful with this method since it
would influence the solution space of the equation and hence alter the properties of the
solution states. We have shown its influence on the solutions in two different situations in
App. A.
Since there exists the parameter β′ in the highest order term [β′~4d4ϕ(x)]/(mdx4) of
the above Schro¨dinger equation Eq. (2.1), the equation is a singular perturbation system
[42, 43]. If we truncate the term with β′ or set β′ = 0 in Eq. 2.1, the fourth-order equation
is reduced to a second-order one and this may change the space solution and alter the
properties of the solution states. This fourth-order term is essential to the equations and
cannot be simply omitted in some particular situations, because it not only accounts for
the effect of the quantum-gravitational fluctuations of the background metric [44], but also
determines the solution space of the equation [42, 43].
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This kind of system is sensitive to its the highest derivative terms; transforming it may
cause exotic phase transitions in its solution space [42, 43]. This causes exotic results when
we study the system using the above two methods in some situations: for example, only
some particular solutions are obtained; the states caused by the singular perturbation are
ignored; complete wave functions can not be obtained; or certain phenomena are ignored
[45, 46](see App. A for more details). In particular, Ref. [7] showed that we can only
obtain part of the solutions of the Schro¨dinger equation of the minimal length in the linear
potential in the momentum representation (when the parameter α = 1 of the Schro¨dinger
equation in Ref. [7] is Eq. (2.1)). Therefore, we should be very careful with this method
since it would influence the solution space of the equation and hence alter the proper-
ties of the solution states. (For the linear potential and quantum harmonic oscillator, if
we transform the time-independent Schro¨dinger equation in the minimal length from the
position representation to the momentum representation, the equations become regular
perturbation systems from the singular perturbation systems, because not all the highest
order derivative terms of the two equations include the parameters β [42, 43]). In this
article, we provide a method to directly analyze the fourth-order Schro¨dinger equation in
the position representation, and the results indicate some counterintuitive conclusions.
Next, we will address the method to analyze the spatial structure of a particle’s bound
states and find BICs in most ordinary potentials with a single particle under the effect of
the minimal length, more precisely obtaining the energy and wave functions of the systems.
For simplicity, we rewrite Eq. (2.1) in matrix form:
dΦ(x)
dx
= A(x)Φ(x), (2.2)
where
A(x) =

0 1 0 0
0 0 1 0
0 0 0 1
m[E−V (x)]
β′~4 0
1
2β′~2 0
 ; Φ(x) =

ϕ(x)
dϕ(x)
dx
d2ϕ(x)
dx2
d3ϕ(x)
dx3
 .
A(x) describes the Hamiltonian of the system, and Φ(x) represents the particle’s motion.
First, we show that the space of the solutions of Eq. (2.1) has 4 DFs in the following
mild mathematical derivations. This means that the general solutions of Eq. (2.1) have 4
free undetermined coefficients (that is, C1, · · · , C4 in Eq. (2.3)). The 4 DFs are illustrated
in Fig. 2(a) and (b) as ω1, · · · , ω4, namely, any linear combinations of ω1, · · · , ω4 are
solutions of Eq. (2.1). However, the standard 1-D Schro¨dinger equation has 2 DFs at
most, which are illustrated as ω1 and ω2 in Fig. 2(c).
For any four linearly independent vectors εi ∈ R4, where i = 1, · · · , 4, and a point
x0 ∈ R, there exist solutions Φ1(x), · · · ,Φ4(x) of Eq. (2.2) satisfying Φi(x0) = εi [47]. Let
ϕi(x) represents the first component of Φi(x); then, there exists a non-zero x = x0 of the
Wronskian determinant W (ϕ1(x), ϕ2(x), ϕ3(x), ϕ4(x)):
W (ϕ1(x), ϕ2(x), ϕ3(x), ϕ4(x))|x=x0 = det(Φ1(x0), · · · ,Φ4(x0)) = det(ε1, · · · , ε4) 6= 0.
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Thus, ϕ1(x), · · · , ϕ4(x) are linearly independent. Any solutions of Eq. (2.1) can be repre-
sented by them:
ϕ(x) =
4∑
k=1
Ckϕk(x), (2.3)
where C1, · · · , C4 are 4 arbitrary coefficients. This shows that the space of the solutions of
Eq. (2.1) is 4 dimensional, and ϕ(x) has 4 DFs.
Second, we propose a method to determine whether BICs exist in a system under the
effect of the minimal length. Applying the method, we show that BICs can be found in
many ordinary potentials. To build this method, we divide all the boundary conditions that
limit the motion of particles into two types. One type can ensure states being bounded,
such as lim
x→±∞ϕ(x) = 0; we call them key boundary conditions (KBCs). The other type is
an unnecessary condition for states being bounded, such as lim
x→0
ϕ(x) = 0 in the Coulomb
potential; we call them non-key boundary conditions (non-KBCs). Then, we divide the
three cases up to discuss the energy and bound states, therein being one of the main results
in this work.
Case I–The KBCs satisfy the following conditions: there exist two different xa, xb(xa <
xb) such that the wave function ϕ(x) = 0 in the regions (−∞, xa] and [xb,+∞), as shown in
Fig. 1(a). If there are fewer than 2 non-KBCs, combining the KBCs, there are 3 conditions
at most, which cannot determine all 4 undetermined coefficients of Eq. (2.3)
ϕ(x) =
4∑
k=1
Ckϕk(x).
Thus, the energy E is arbitrary. The KBCs ensure the states of the system to be bounded
so that the BICs exist in these potential under the effect of the minimal length. Many
potentials satisfy the conditions of Case I, e.g., the infinite potential well, asymmetric
infinite well [48], Dirac delta function in the infinite square well, Poschl-Teller potential
[38] and quantum bouncer in a closed court [48].
          Bound state
( ) 0xM { ( ) 0xM {
a b
x
( )xM
( )xM
(a) Case I
          Bound state
( ) 0xM {
a
x
( )xM
( ) 0x xM o ofwhen
(b) Case II
          Bound state
x
( )xM
( ) 0x xM o orfwhen
(c) Case III
Figure 1: The conditions of bound state (KBCs) for different cases
Case II–The KBCs satisfy the conditions lim
x→+∞ϕ(x) = 0 (or limx→−∞ϕ(x) = 0), and
there exists one point x = xa (or xb) such that wave function ϕ(x) = 0 in the region
(−∞, xa] (or [xb,+∞)), as shown in Fig. 1(b). This type of KBC would determine 3
undetermined coefficients.
If there are no non-KBCs, 3 of 4 undetermined coefficients in Eq. (2.3) are determined.
Thus, the energy E is also arbitrary. Again, we can find the BICs in these potentials under
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the effect of the minimal length. Many potentials satisfy the above-mentioned conditions,
e.g., linear potential, quantum bouncer [48], half oscillator [48] and some other half infinite
potential wells.
Case III–The KBCs satisfy the conditions lim
x→±∞ϕ(x) = 0, as shown in Fig. 1(c). They
can only determine 2 undetermined coefficients.
If there are fewer than 2 non-KBCs, combining the KBCs, they can determine 3 of
4 coefficients in Eq. (2.3) at most. Thus, the energy E is arbitrary. Again, we can find
the BICs in these potentials under the effect of the minimal length. Many potentials, such
as quantum harmonic oscillator, harmonic oscillator plus Dirac delta function [48] and
Coulomb potential, satisfy the mentioned boundary conditions.
As a result, we obtain BICs in these three cases. Most of potentials that have bound
states belong to these three cases; thus, a counterintuitive conclusion is obtained: BICs are
universal phenomena under the effect of a minimal length.
2.2 Condition for determining whether the BICs can be readily observed in
systems
The time-independent Schro¨dinger equation (Eq. (2.1)) in the presence of the minimal
length is
β′~4
m
d4ϕ(x)
dx4
− ~
2
2m
d2ϕ(x)
dx2
+ [V (x)− E]ϕ(x) = 0.
Let η4 = β′−1, a = η2/(4~2), and b(x) = (V (x)−E)m/~4; the time-independent Schro¨dinger
equation with the minimal length becomes
d4ϕ(x)
dx4
− 2η2ad
2ϕ(x)
dx2
+ b(x)η4ϕ(x) = 0. (2.4)
If the energy E > 0, solving the above Eq. (2.4), we have the solutions
ϕ(x) = C1ω1(x) + C2ω2(x) + C3ω3(x) + C4ω4(x), (2.5)
where C1, · · · , C4 are arbitrary coefficients, and
ωj(x) =
1√
λj(x)
4
√
a2 − b(x) ·
exp[η
∫ x
x0
λj(χ)dχ− 1
2
∫ x
x0
λ′j(χ)
1√
a2 − b(χ)dχ][1 +O(η
−1)]; j = 1, 2, 3, 4,
(2.6)
where x0 is an arbitrary point of the particle’s position and
λ1(x) =
√
a+
√
a2 − b(x); λ2(x) = −
√
a+
√
a2 − b(x); (2.7)
λ3(x) =
√
a−
√
a2 − b(x); λ4(x) = −
√
a−
√
a2 − b(x). (2.8)
ω1(x), ω2(x), · · · , ω4(x) determine the solution space of the Schro¨diner equation with the
minimal length; thus, there are 4 DFs, as shown in Fig. 2 (a) and (b). The standard
Schro¨diner equation, namely, when it is not perturbed by the effect of the minimal length,
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has 2 DFs, as shown in Fig. 2 (c). From the results in Sec. 2.1, the extra DFs caused by
the effect of the minimal length lead to the energy of the bound states being continuous.
Thus, the effect of the minimal length leads to the existence of BICs in universal potentials.
When the minimal length has a prominent influence on the system, BICs are easily found;
otherwise, when the influence of the minimal length is negligible, BICs can hardly be
observed. Next, we provide the condition for determining whether BICs are easily found.
In the Schro¨dinger equation, Eq. (2.1), the fourth-order item (β′~4/m)[d4ϕ(x)/dx4] is
produced by the perturbation of the minimal length, which causes the extra DFs. By the
GUP:
∆X∆P ≥ ~
2
{1 + β[(∆P )2 + 〈P 〉2]},
the fourth-order item is determined by the extra item 0.5 ∗ ~β[(∆P )2 + 〈P 〉2] in the GUP.
Compared with the HUP ∆X∆P ≥ 0.5 ∗ ~, if the magnitude of the extra item perturbed
by the minimal length is close to the magnitude of the item determined by the Planck
length, then
~β[(∆P )2 + 〈P 〉2] is close to Planck constant ~. (2.9)
The influence of the minimal length is prominent and provides extra DFs. Thus, the BICs
are readily found, as shown in Fig. 2 (a).
If the magnitude of the item perturbed the minimal length is much less than the
magnitude of the item determined by the Planck length, namely, satisfies that
β[(∆P )2 + 〈P 〉2] 1. (2.10)
The influence of the minimal length is negligible, and the probabilities of two states ω1, ω2
that provide 2 DFs are much smaller than the others probabilities of the superposition
states. The system is close to the state with 2 DFs (without the minimal length); thus,
the BICs are very inconspicuous, that is, they are difficult to observe, as shown in Fig. 2
(b). The grey lines represent the states that are difficult to find at certain energy levels.
However, since there are still 4 DFs of the system, BICs still exist.
If the effect of the minimal length completely vanishes, that is, β = 0, there is once
again 2 DFs of the system. Since there is no extra DF, the energy of the bound states is
not free to take any value; thus, it is discrete, as shown in Fig. 2 (c).
As a result, BICs are universal under the effect of a minimal length; however, they
may be difficult to observe due to the intensity of the perturbation caused by the minimal
length.
Moreover, a mechanism of the BICs is provided. Figure 2 illustrates the mechanism
of the BICs: the BICs are universal under the effect of a minimal length. The intensity of
the effect of the minimal length determines whether the BICs can easily be found. When
~β[(∆P )2 + 〈P 〉2] is close to Planck constant ~, the system has 4 DFs at most; thus,
the particle cannot be restricted to move only at certain special energy levels, causing a
continuous energy. When β[(∆P )2 + 〈P 〉2]  1, the system is close to the state with 2
DFs (without the minimal length), causing some states (gray lines in Fig. 2(b)) at certain
energies to be difficult to observe. Although the energy is still continuous, it is difficult
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to find since these energy levels’ states (gray lines in Fig. 2(b)) are difficult to observe.
Thus, it is often considered that particles cannot move at these energies, i.e., they have
discrete energies; it is also often considered that the BICs do not exist without a minimal
length. When the minimal length completely vanishes (β = 0), there are 2 DFs; there are
insufficient DFs to produce extra states such that the energy is discrete, namely, no BICs
exist. This is consistent with the current results: the bound discrete states are typical;
however, the BICs are always found in certain particular environments when a minimal
length vanishes.
Space of Wave Functions
in any energy levels
DFsч1
Space of Wave Functions
in any energy levels
DFsч2
1Z
2Z
3Z
4Z
Space of Solutions
DFs=4
2M
1M
1M
Space of Wave Functions
in any energy levels
DFsч2
N: Number of Non-KBC
DFs: Degrees of Freedom
Space of Wave Functions
in any energy levels
DFsч1
1Z
2Z
Space of Solutions
DFs=2
1M
Space of Wave Functions
in any energy levels
DFs=0
2 2(a) [( ) ] close toP PE '  ¢= =²
(c) 0E  
1Z
2Z
3Z
4Z
2 2(b) [( ) ] 1P PE '  ¢ ² ฀?฀฀
2M
1M
1M
Space of Solutions
DFs=4
Case I&III
N<2
Case II
N=0
Case I&III
N<2
Case II
N=0
Case I&II&III
any N
Obvious BICs
phenomena
BICs phenomena being 
difficult to observe
No BICs
phenomena
Figure 2: The mechanism of the BICs under the effects of the minimal length and the
conditions for determining whether the BICs can be readily found in the systems. ωi are
the bases of the solution space and ϕi(x) are degenerate states. The dotted line of ϕ1
represents a discrete energy, and the solid lines represent a continuous energy. The black
lines represent energies that can be readily found, and the gray lines represent energies
that are not readily found.
3 Examples
In this section, we study an example of each case in Sec. 2.1 by the method built in
Sec. 2. We find that BICs exist in these ordinary potentials with single particles under the
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effect of the minimal length: infinite potential well, linear potential, harmonic oscillator.
We also provide some values set of the environmental variables to obtain obvious BICs
in these ordinary potentials. The specific wave functions, degeneracy and energy of these
examples are provided.
3.1 Infinite potential well
We consider a particle moving in the potential V (x) satisfying V (x) = 0 in the re-
gion (−a, a) and V (x) = +∞ in the other regions, where a > 0. The time-independent
Schro¨dinger equation with minimal length in the region (−a, a) is
β′~4
m
d4ϕ(x)
dx4
− ~
2
2m
d2ϕ(x)
dx2
− Eϕ(x) = 0, (3.1)
where the boundary conditions are ϕ(±a) = 0. If the energy E > 0, solving the above Eq.
(3.1), we have
ϕ(x) = C1 exp(λ1x) + C2 exp(λ2x) + C3 cos(λ3x) + C4 sin(λ3x), (3.2)
where C1, · · · , C4 are arbitrary coefficients, and
λ1 =
1
2~
√
1 +
√
1 + 16Eβ′m
β′
; λ2 = −λ1; λ3 = 1
2~i
√
1−√1 + 16Eβ′m
β′
.
By the method in Case I, the conditions ϕ(±a) = 0 cannot determine all the coefficients
of Eq. (3.2), and BICs exist.
More precisely, to show the motion of particles with continuous energies, we provide
the exact wave functions of each E in the following.
(i) At the energy E = k4pi4~4β′/(16ma4) + k2pi2~2/(8ma2) (blue parts in Fig. 3(a)),
where k = 1, 2, · · · , the system is 2-degree degenerate. When β → 0, these energies
are equal to the standard discrete energy levels of the infinite potential well without
a minimal length. For each E, the two wave functions are
ϕ1(x) =
1√
a
sin[
kpi
2a
(x+ a)];
ϕ2(x) = D1 exp(λ1x) +D2 exp(λ2x) +D3 cos[
kpi
2a
(x+ a)],
where we let w1(x) = exp(λ1x), w2(x) = exp(λ2x), and w3(x) = cos[
kpi
2a (x+ a)], then
D1 = D˜1s
D2 = D˜2s
D3 = D˜3s
;

D˜1 = w3(a)w2(−a)− w3(−a)w2(a)
D˜2 = w3(−a)w1(a)− w3(a)w1(−a)
D˜3 = w2(a)w1(−a)− w2(−a)w1(a)
, (3.3)
and the parameter s is determined by the equation below:
s = ±(D˜12F1,1 + D˜22F2,2 + D˜32F3,3 + D˜1D˜2F1,2 + D˜2D˜1F2,1
+ D˜2D˜3F2,3 + D˜3D˜2F3,2 + D˜1D˜3F1,3 + D˜3D˜1F3,1)
−0.5,
(3.4)
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where Fi,j =
∫ a
−awi(x)w
∗
j (x)dx. Figures 3(c1) and (c2) illustrate the 2-degree degen-
erate states of wave functions for k = 1, 2, 3.
(ii) At the other energy E (yellow parts in Fig. 3(a)), the states are also 2-degree degen-
erate. These energies are extra energy under the effect of the minimal length when
β → 0, which is equal to the energy gaps between discrete energy levels of the infinite
potential well without the minimal length. For each E, the two wave functions are
ϕ1(x) = D1 exp(λ1x) +D2 exp(λ2x) +D3 cos(λ3x); (3.5)
ϕ2(x) = D4 exp(λ2x) +D5 cos(λ3x) +D6 sin(λ3x), (3.6)
where the two coefficient sets D1, D2, D3 and D4, D5, D6 are decided by the same
method as the process Eqs. (3.3)-(3.4). Figures 3(b1) and (b2) illustrate the 2-degree
degenerate states of the wave functions for E = 10−18 J, 5 ∗ 10−18 J and 10−17 J.
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Figure 3: The wave functions and energy of infinite potential well with minimal length.
Figure (a) illustrates the energy of the particle. Figure (b) illustrates wave functions in
yellow energy parts of Fig. (a) for three energy E = 10−18 J, 5 ∗ 10−18 J and 10−17 J with
different colors, which are 2-degree degenerate. The doubly degenerate wave functions ϕ1
and ϕ2 are illustrated in Figs. (b1) and (b2), respectively. Figure (c) illustrates the wave
functions in the blue energy parts of Fig. (a) for k = 1, 2, 3 with different colors, which are
2-degree degenerate. The doubly degenerate wave functions ϕ1 and ϕ2 are illustrated in
Figs. (c1) and (c2), respectively. For obvious BIC phenomena, β here is taken to be 1047,
which is still within the allowable upper bound [25, 26], to make the size of ~β[(∆P )2+〈P 〉2]
close to ~ in this potential. We choose the mass of the electron, and a = 10−10 m.
We can see that the wave functions in Figs. 3(b1), (b2) and (c2) are extra states
caused by the perturbation of the minimal length, and the wave functions in Fig. 3(c1)
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are the same as the standard case (β′ = 0). Compared to the particle that can only move
with the energy in the blue parts without the minimal length, the effects of the minimal
length make the particle move with the energy in the yellow parts to make the energy
continuous. In particular, the quantity k4pi4~4β′/(16ma4) of E in (i) is the energy shift,
which is discussed in many papers about the minimal length [21, 23, 24, 29, 30].
For the environmental variables of the infinite potential well set in tpyical theoretical
and experimental studies, namely, the width of the potential well a = 10−10 m and the
mass of the particle m = 9.1095610−31 kg, we can calculate that when the magnitude of β
is close to 47, which is still within the allowable upper bound of β [25, 26], ~β[(∆P )2+〈P 〉2]
is close to the Planck constant ~. By the method in Sec. 2.2, the BICs are obvious.
Although β has a large upper bound [21, 25, 26], β is often considered a small number
in some researches [23, 24, 29, 30, 34, 35, 39], which means that β[(∆P )2 + 〈P 〉2]  1.
Based on the method in Sec. 2.2, the influence of the minimal length is negligible in these
researches, and the system is close to the state with 2 DFs (without the minimal length).
Thus, under the environmental variables of the infinite potential well set as usual, the BICs
exist but are very inconspicuous in the infinite potential well. This explains why BICs are
not found in the infinite potential well with a single particle when the minimal length is
not considered in the previous researches. On the other hand, this method in Secs. 2.1
and 2.2 suggests that we can adjust the environmental variables of the infinite potential
well to obtain obvious BICs in the infinite potential well.
3.2 Linear potential
In this example, we assume a particle moving in a potential V (x) satisfying V (x) = Lx
in the region (0,+∞) and V (x) = +∞ in the other region, where L > 0. Let η4 = β′−1,
a = η2/(4~2), and b(x) = (Lx − E)m/~4. In the region (0,+∞), the time-independent
Schro¨dinger equation with the minimal length becomes
d4ϕ(x)
dx4
− 2η2ad
2ϕ(x)
dx2
+ b(x)η4ϕ(x) = 0, (3.7)
where the boundary conditions are ϕ(0) = 0 and lim
x→+∞ϕ(x) = 0. If the energy E > 0,
solving the above Eq. (3.7), we have the approximate solutions
ϕ(x) = C1ω1(x) + C2ω2(x) + C3ω3(x) + C4ω4(x), (3.8)
where C1, · · · , C4 are arbitrary coefficients, and
ωj(x) =
1√
λj(x)
4
√
a2 − b(x) ·
exp[η
∫ x
x0
λj(χ)dχ− 1
2
∫ x
x0
λ′j(χ)
1√
a2 − b(χ)dχ][1 +O(η
−1)]; j = 1, 2, 3, 4,
(3.9)
where
λ1,2(x) = ±
√
a+
√
a2 − b(x); λ3,4(x) = ±
√
a−
√
a2 − b(x). (3.10)
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We study the asymptotic behavior of ωj(x). When x→ +∞, we have√
λj(x)
4
√
a2 − b(x) ∝ x 12 ; 1
2
∫ x
x0
λ′j(χ)
1√
a2 − b(χ)dχ ∝ 0;
where j = 1, 2, 3, 4, and
exp[
∫ x
x0
λ1(χ)dχ] ∝ expx 54 ; exp[
∫ x
x0
λ2(χ)dχ] ∝ expx− 54 ;
exp[
∫ x
x0
λ3(χ)dχ] ∝ expx 54 ; exp[
∫ x
x0
λ4(χ)dχ] ∝ expx− 54 .
Thus, when x → +∞, ω1, ω3 → +∞ (omitting them due to physical significance) and
ω2, ω4 → 0. The wave functions Eq. (3.8) become
ϕ(x) = C2ω2(x) + C4ω4(x). (3.11)
Substituting another boundary condition ϕ(0) = 0 into Eq. (3.11), we obtain the wave
functions for any E > 0:
ϕ(x) = C2ω2(x)− C2ω2(0)
ω4(0)
ω4(x), (3.12)
where C2 can be determined after ϕ(x) be normalized. These are non-degenerate since the
condition ϕ(0) = 0 reduces the DFs by 1. By the results of case II in Sec. 2.1, the energy
E is still continuous because the DFs remain more than zero. Thus, for any E > 0 with
continuous energy, the bound wave function is Eq. (3.12). This indicates that the BICs
exist in the potential under the effect of the minimal length.
For the environmental variables of the linear potential set in typical theoretical and
experimental studies, namely, the linear parameter of the potential l = mg and the mass
of the particle m = 9.1095610−31 kg, we can calculate that when the magnitude of β is
close to 37, which is still within the allowable upper bound of β [25, 26], ~β[(∆P )2 + 〈P 〉2]
is close to the Planck constant ~. By the method in Sec. 2.2, the BICs are obvious.
Although β has a large upper bound [21, 25, 26], β is often considered a small number
in some researches [23, 24, 29, 30, 34, 35, 39], which makes β[(∆P )2 + 〈P 〉2] 1. By the
method in Sec. 2.2, the influence of the minimal length is negligible, and the system is
close to the state with 2 DFs (without the minimal length). Thus, under the environmental
variables of the linear potential typically used, the BICs exist but are very inconspicuous
in the linear potential. This explains why BICs are not found in the linear potential with a
single particle when the minimal length is not considered in the previous researches. On the
other hand, the method in Secs. 2.1 and 2.2 suggests that we can adjust the environmental
variables of the linear potential to obtain obvious BICs in the linear potential.
In Ref. [23, 29, 30], the authors studied this potential with the minimal length, ignoring
the DFs of the energy; thus, they did not find that the energy was continuous.
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3.3 Quantum harmonic oscillator
In this example, we assume a particle moving in the potential V (x) satisfying V (x) =
0.5mω2x2, where ω is the vibrational frequency. Let η4 = β′−1, a = η2/(4~2), and b(x) =
(0.5mω2x2−E)m/~4; the time-independent Schro¨dinger equation with the minimal length
becomes
d4ϕ(x)
dx4
− 2η2ad
2ϕ(x)
dx2
+ b(x)η4ϕ(x) = 0, (3.13)
where the boundary conditions are lim
x→±∞ϕ(x) = 0. If the energy E > 0, solving the above
Eq. (3.13), we have the approximate solutions
ϕ(x) = C1ω1(x) + C2ω2(x) + C3ω3(x) + C4ω4(x), (3.14)
where C1, · · · , C4 are arbitrary coefficients, and
ωj(x) =
1√
λj(x)
4
√
a2 − b(x) ·
exp[η
∫ x
x0
λj(χ)dχ− 1
2
∫ x
x0
λ′j(χ)
1√
a2 − b(χ)dχ][1 +O(η
−1)]; j = 1, 2, 3, 4,
(3.15)
where
λ1,2(x) = ±
√
a+
√
a2 − b(x); λ3,4(x) = ±
√
a−
√
a2 − b(x). (3.16)
We study the asymptotic behavior of ωj(x) when x → +∞. Similar to the above
section, we have ω1, ω3 → +∞ (omitting them due to physical significance) and ω2, ω4 → 0
when x→ ±∞. Thus, the wave functions for any E > 0 with continuous energy are
ϕ(x) = C2ω2(x) + C4ω4(x), (3.17)
where the coefficients C2 and C4 cannot be determined after ϕ(x) is normalized. This causes
the energy to be 2-degree degenerate. The two degenerate wave functions are ϕ1(x) = ω2(x)
and ϕ2(x) = ω4(x). For any E > 0 with continuous energy, we have obtained the bound
wave functions. This indicates that the BICs exist in the potential under the effect of the
minimal length.
For the environmental variables of the quantum harmonic oscillator set as in typical
theoretical and experimental studies, namely, the vibrational frequency ω = 1030 Hz and
the mass of the particle m = 9.1095610−31 kg, we can calculate that when the magnitude
of β is close to 33, which is still within the allowable upper bound of β [25, 26], ~β[(∆P )2+
〈P 〉2] is close to Planck constant ~. By the method in Sec. 2.2, the BICs are obvious.
Although β has a large upper bound [21, 25, 26], β is often considered a small number
in some researches [23, 24, 29, 30, 34, 35, 39], which makes β[(∆P )2 + 〈P 〉2] 1. By the
method in Sec. 2.2, the influence of the minimal length is negligible in these researches,
and the system is close to the state with 2 DFs (without the minimal length). Thus, under
the environmental variables of the quantum harmonic oscillator typical used, the BICs
exist but are very inconspicuous. This explains why BICs are not found in the quantum
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harmonic oscillator with a single particle when the minimal length is not considered in the
previous researches. On the other hand, the method in Secs. 2.1 and 2.2 suggests that
we can adjust the environmental variables of the quantum harmonic oscillator to obtain
obvious BICs.
In Ref. [24], the authors studied the same potential as the minimal length; they fol-
lowed the method of quantum mechanics without the minimal length, and they ignored the
DFs and degeneracy of the energy; thus, they did not find that the energy was continuous.
4 Conclusion
We suggest a method to analyze the spatial structure of particle bound states with
a minimal length. Using this approach, we found that the BICs are universal under the
minimal length. We also provided conditions for determining whether BICs are easily
found. Then, we revealed a mechanism of the BICs. We think that this approach can be
applied to find BICs in potentials and provide a guide to realize BICs in experiments: since
the BICs are obvious when ~β[(∆P )2+〈P 〉2] is close to ~, we can adjust the environmental
variables of the potentials to satisfy ~β[(∆P )2 + 〈P 〉2] close to ~ to obtain obvious BICs.
In addition, our results indicate that the minimal length, a object predicted in string
theory and quantum gravity, has a definite filling effect on the energy gaps in quantum
physics, which may indicate some characteristics of string theory and essential features of
quantum gravity.
A Approximations to the fourth-order Schro¨dinger equation
Let’s consider the Schro¨dinger equation with the minimal length
β′~4
m
d4ϕ(x)
dx4
− ~
2
2m
d2ϕ(x)
dx2
+ [V (x)− E]ϕ(x) = 0,
1. One kind of the common methods for this equation is omitting the items with β′2
to reduce the order of the fourth-order Schro¨dinger equation after using some substitution
of wave functions [39, 40]. Since there exists the parameter β′ in the highest order item
[β~4d4ϕ(x)]/(mdx4), the equation is a singular perturbation system [42, 43], where the
fourth-order term accounts for the quantum-gravitational fluctuations of the background
metric [44]. If we omit the term with β′2 to reduce the order of the fourth-order Schro¨dinger
equation to a second-order one, the truncation causes the reduction of the dimension of the
solutions space and the DFs of its solutions, thus only part of particles’ states can possibly
be obtained by studying the simplified second-order equation.
2. Another common method is studying the fourth-order Schro¨dinger equation in the
momentum representation. Although this method is not universal, it does work for some
special potentials, such as linear potential and quantum harmonic oscillator, where the
fourth-order equation can be transformed into a lower-order equation in the momentum
representation [22, 41]. However, we should be very careful with this method since it would
influence the solution space of the equation and hence alter the properties of the solution
states. We will show its influence on the solutions in two different situations below.
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The essence of this method of momentum representation is to use Fourier transform
to transform the Schro¨dinger equation from the x representation to the p representation to
solve the equation. The method of the Fourier transform is a method to be used to find a
hypothetical solution1, namely, special solutions of equation, rather than general solution
of equation. The method of momentum representation is effective to solve the standard
Schro¨dinger equation because the solution space of the standard Schro¨dinger equation has
a low dimension of 2. For example, for linear potential, its boundary conditions can restrict
the extra DFs of the solutions to 0, so there is only one wave function in each discrete energy,
that is, the energy is discrete and no degeneracy. The wave function corresponds one-to-
one with the hypothetical solution solved by the equation in the momentum representation,
i.e., Fourier space [45].
However, we can not simply apply this Fourier transform method to solve the Scho¨rdinger
equation in the presence of the minimal length. This is because applying the Fourier trans-
form indicates an implicit assumption that the solution space of the equation is within the
domain of Fourier transform. This assumption is not valid for the Schro¨dinger equation in
the presence of the minimal length, and thus the Fourier transform method will artificially
reduce the order of the solution space (and the degree of freedom) of the equation when
converting the equation in the momentum representation. In fact, we have showed that the
boundary conditions of the linear potential and the quantum harmonic oscillator are not
enough to reduce the extra DFs to 0 in the presence of the minimal length, which implies
that the energy levels are continuous or degenerate in the presence of the minimal length
(see details in Sec. 3.2 and 3.3). However, the extra DFs of the equation are artificially
forced to zero after transformed in the momentum representation. Therefore, the hypo-
thetical solution in the momentum representation does not correspond one-to-one with the
wave function of the original equation. In other words, the hypothetical solution is only a
certain solution of the original equation, rather than the general solution, namely, not all
the states of particles are found.
More precisely, for example for the linear potential, in the position representation, we
have proved the dimension of the solution space of the Schro¨dinger equation in the presence
of the minimal length is 4 (see more details in Sec. 2.1). In the momentum representation,
the Schrodinger equation is reduced to
(i~l + i~βlp2)
∂
∂p
C(p) + (
p2
2m
− E)C(p) = 0.
Obviously, the dimension of the solution space of the Schro¨dinger equation in the presence
of the minimal length is 1. Actually, only particular solution can be obtained by solving
the equation in the momentum representation, as shown in Fig. 4 [45, 46].
1“Fourier transforms may be used to find a hypothetical solution which must be verified by other means.
This verification is necessary, because when the Fourier transform is applied, one is already assuming not
only that a solution exists, but that it has all of the properties which are needed in order to apply the
Fourier transforms, such as solution decays rapidly enough. The Fourier transform methods simply provide
us with a hypothetical solution.”—Ref. [45]
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(a) Solution space in the 
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Figure 4: The solution space of the Schro¨dinger equation in the presence of the minimal
length for the linear potential. ϕ1(x), ϕ2(x), ϕ3(x), ϕ4(x) is a set of basis in the solution
space in the position representation, and F{C(p)} is the Fourier transform of C(p), where
C(p) is a set of basis in the solution space in the momentum representation.
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